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ABSTRACT
The purpose of this work is to study the joinings of simple systems. First
the joinings of a simple system with another ergodic system are treated;
then the pairwise independent joinings of three systems one of which is
simple. The main results obtained are: (1) A weakly mixing simple sys-
tem with no non-trivial factors with absolutely continuous spectral type
is simple of all orders. (2) A weakly mixing system simple of order 3 is

simple of all orders.

1. Introduction

Given three ergodic systems (measure preserving transformations) and an ergodic
pairwise independent joining o of the three, it is a basic problem in ergodic theory
to find conditions under which o is independent (see e.g. [H]). We treat here a

special case of this general problem.
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Let k£ > 1 be an integer, a k-fold self-joining ¢ of an ergodic system (X, i, T')
(i.e. o is a measure on a product of k copies of X denoted X,,X>,...,X;
invariant under the product transformation and projecting onto p in each co-
ordinate) is called an off-diagonal if o is the image of x4 under the map z —
(p1(2),p2(z), . .-, pr(z)) of X into ITE, X;, where each ¢; is an element of the
group C(X) of automorphisms of (X, i, T). ¢ is a product of off-diagonals if
there exists a partition (Jy,...,Jm) of {1,...,k} such that

(1) For each £, the projection of o on Il;¢j, X; is an off-diagonal

(i1) The systems (Il;ey, X, 1 < £ < m) are independent.

(X, g, T) is simple of order k (or k-simple) if every k-fold ergodic self-joining
of X is a product of off-diagonals. We say that it is simple when it is simple of
order two. (See [R], [V] and [J-R,1]).

Recently, J. King [K] has shown that when (X, u,T) is weakly mixing and
simple of order 4 then it is simple of all orders. In this work we show, using
different methods, that in fact weak mixing (w.m.} and simple of order 3 imply
simple of all orders (Theorem 5). If in addition to weak mixing we assume
that (X, u,T) admits no non-trivial factors with absolutely continuous spectral
measure then simple implies k-simple for all k¥ > 2 (Theorem 4). In particular,
this is the case when (X, p1,T') is rigid (in the sense of [F-W]).

The main lemma (Lemma 2) used in the proofs of Theorems 4 and 5, deals
with the following situation. We are given a 3-fold ergodic, pairwise independent
joining o of a simple system (X, p, T'), an ergodic system (Y, »,T) and a weakly
mixing system (Z,\,T). The lemma shows that if for some n # 0 the joinings o
and o, = (id x id x T")o are not orthogonal over Y x Z (see definition below),
then ¢ is the independent joining i.e. the product measure g x v X A. (Actually
the statement is slightly stronger; also see [M] for a topological version of this
lemma). It is then shown (Theorem 3) that under these circumstances when o is
not independent, (X, ¢, T) admits a non-trivial factor with absolutely continuous
(with respect to Lebesgue measure on T) spectral type.

Here are some conventions we use. When denoting a measure preserving system
the corresponding o-algebra is omitted. All sets and functions that appear are
assumed measurable. We denote by T the acting transformation in every system
considered, with the exception of product systems where T x T or T x T x T
etc. are used. C(X) will denote the group of measurable automorphisms of the

system (X, g, T); A, will denote the image of p under the map z ~ (z,z) of X,
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onto the diagonal of X x X (and similarly for higher orders). For z € X, §, is
the point mass at . The map projy X x Y — X is the projection on the X
coordinate and similarly for Y.

In section 2 some basic notations and results on 2-fold joinings are given. With
the exception of Lemma 1 these results can be considered well known. In section
3 the joinings of a simple system with an ergodic system are studied (Theorems 1
and 2). These results are closely related to results in [J-R,1] especially Theorem
4.1 of this paper. The basic Lemma 2 and Theorems 3 and 4 are proved in section
4, while Theorem 5 is proved in the last section.

The history of this paper is somewhat complicated. Two of the authors
(E.G. and D.R.) first wrote a paper containing some of the results of the present
one (mainly Lemma 2, the simplicity of all orders for rigid simple systems, and
an observation on the existence of infinitely many pairwise independent factors
related to the simple system in case it is not 3-simple).

The third author (B.H.), independently, obtained all the results of the present
work. When we learned about the existence of each others works, the original
paper was withdrawn and the present one, incorporating the two works, was

written.

2. Joinings of Two Systems

Given a joining ¢ of the systems (X, u,T) and (Y,»,T) we denote by o* the
corresponding joining of (Y, v, T) and (X, g, T); thus o is a measure on X x Y
whereas o* is defined on Y x X. The disintegration of o over (Y,v) is the
representation 0 = [ o, x §, dv(y) where y — 0, is a measurable T-equivariant
map of Y into the space of probability measures on X, such that p = [ o,dv(y).
We denote by E, : L?(X,u) — L?(Y,v) the conditional expectation operator
given by

E.f(y) = /f(:c)day(z) for v-a.e. y.

Equivalently E, is defined by

/ Eof(w)g(y)duly) = / f(@)e()do(z,y)

(f € L*(X,u), 9 € L}(Y,v)). It is easy to check that E,» : L(Y,v) — L*(X, )
is the adjoint of E,. Let L2(X,u) be the subspace of L?*(X,u) consisting of
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functions of zero integral. Then ¢ is independent (i.e. ¢ = pxv)iff the restriction
of E, to L(X, p) is the zero operator.

Now let 7 be a joining of (Y,v,T) and (Z,\,T). Define the (conditionally
independent) product of ¢ and r over (Y, v, T), denoted o X T to be the

measure on X XY x Z given by

a));r:/ayxé,xv';du(y)

or equivalently by the equation

[ 1@swheye 7= [ o) o) BiM)a)

(f,9,h bounded on X,Y and Z respectively).
The measure on X x Z given by

TOO = /dy X T;;dy(y) = pronXZ(o. ;,( T)

is called the composition of ¢ and 7. It is easy to check that E,., = E;E,.
The joinings o of (X, u,T) and (Y,v,T), and 7* of (Z, A, T) and (Y, v, T') are said
to be orthogonal or independent relative to Y if r oo is the product measure
1 x A. The joining ¢ is orthogonal to itself relative to Y iff it is independent.

Suppose now ¢ is an ergodic joining (i.e. the system (X xY,0,T x T) is
ergodic), then either for v-a.e. y, gy is a continuous measure or there exists a
positive integer r such that for v-a.e. y, 0y is an atomic measure equidistributed
on a finite subset of X of cardinality r. In the latter case (X xY,0,T x T) is
an r to one extension of (Y,v,T) and we say that o is of finite type (or more
precisely of type r).

LEMMA 1: Let 0 and 7 be two ergodic joinings of the ergodic systems (X, p,T)
and (Y,v,T) and let A C X x X be the diagonal. Then t*0o(A) > 0iff r =0
and o is of finite type. In this case 7* 0o 0(A) = % where r is the type of 0.

Proof: Since

roco(A) = /ay X y(A)dv(y) = /Ea’y{x}‘ry{x}du(y)

it follows that when 7 = ¢ and this joining is of finite type r, then 7* 0 6(A) =
r;‘,— = r. Conversely suppose 7* 0 6(A) > 0, then the above formula shows that

both ¢ and 7 are of finite type, say s and ¢ respectively, and that

™ oa(A) = % /card(Ay N By)dv(y) ,
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where A, and B, are the finite supports of 0, and 7, respectively. Since TA, =
Ar, and TBy = Br, v-a.e. it follows that the subset E = {(z,y) : z € 4, N By}

]
of X xY is T x T invariant. Since moreover

o(E) = / 0y x 8y(BYiy) = - / card(A, N B,)dv(y)
=t(r*o0)(A)>0,

the ergodicity of o implies o(E) = 1. Thus card (4, N B,) = 3, whence 4, C B,
for v-a.e. y. By symmetry also B, C A, and we conclude that o = 7 and that o
isof typer =s=1. 1

3. Joinings of a Simple System and an Ergodic One
For the rest of this paper we shall assume that (X, , T) is a simple system.

THEOREM 1: Let o and o' be two ergodic joinings of (X,p,T) and (Y,v,T),
where (X, p,T) is simple and (Y,v,T) ergodic. Then either o and o' are orthog-
onal over Y or there exists ¢ € C(X) such that o' = (¢ x id)o.

Proof: Let v = o x o' be considered as a measure on X x Y x X’ where X' is a
Y

copy of X. Let v = [, wdP(w) be the ergodic decomposition of . The elements
of Q are ergodic joinings of X,Y and X'. Let 2 C Q be the subset of those
w € Q for which the projection of w on X x X' is not the product measure p x p'.
Clearly P(€) = 0 implies '* 00 = p X y; i.e. 0 and o' are orthogonal over Y.
Assume now P({) > 0; then for P-a.e. w € (g we have
(i) the projection of w on X x X' is an ergodic joining # p X p', hence of
the form A¥ = id x ¢(A,), where ¢ = ¢, € C(X) is considered as an
isomorphism of X onto X'.
(ii) the projections of w on X XY and Y x X' are o and o respectively.
Write w = [ 6, x wydv(y) where wy is a measure on X x X', then it follows

that [wydv(y) = A¥ and we conclude that for v-a.e. y, wy is supported on
A¥ = (id x p)(A). Now

g = /(pro_]x wy) X 6de(y) and
= / 8, x (Rroj xs wy)dv(y)

imply that o' = (¢ x id)o. ]
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THEOREM 2: Let o be a non independent ergodic joining of the simple system
(X,1,T) and the ergodic (Y,v,T). Then there exists a positive integer r and
a compact subgroup K of C(X) such that for the corresponding group factor
(X,u,T) = (U,p,T) = (X/K,p,T) we have
(i) o is the relatively independent product of (X, u,T) and (U x Y,7,T x T)
over (U, p,T) where 7 is the image of o under 7 x id.

(ii) 7 is a joining of finite type r and for every f,g € L}(U, p)

[ B i@ s@inty) = 7 [ wowdntw)

Proof: We use the notations introduced in the proof of theorem 1, and let o = ¢'.
Since o is not orthogonal to itself we conclude that P(€Q) > 0. Let K be the set
of those ¢ € C(X)) for which (¢ x id)o = 0. Clearly K is a closed subgroup of
C(X) and it is not hard to see that P |g, induces a finite K-invariant measure
on K. A theorem of A. Weil now implies that K is compact (the topology is
that of convergence in measure, see [V]). Denote by (X,u,T) — (U, p,T) the
quotient map and quotient system obtained modulo K, and let 7 be the image
of o under 7 x id. If 7 = [ 6, x 1ydp(u) is the disintegration of 7 over (U, p) then
for f € L*(X,p), g € L*(Y,v)and p € K

/ f @ gdo = / F(=)9(y)do(z,y) = / (f 0 0)2)o(W)do(z,v) ;

hence denoting by m the Haar measure on K

[ 189t = [[(70 o) @we(a,v)ime)
= / Ef(u)g(y)dr(u,y)
= [( stez)ameN [ stu)arutu)dotu)
= [regauyr,

where E : L%(X,p) — L*(U,p) is the conditional expectation operator. Thus
C=pxT and (i) is proved.
Since, with obvious notations, for P-a.e. w € 2\, projyyw = p X p' and

pProjyxprw = A, for w € Qg (¢ = o implies that ¢, , in (i) in the proof of
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theorem 1, must be the identity.) we get:

7* o1 = projyyr ¥ = /projUxU, wdP(w)
= P(Q0)A, + (1 - P())p x p" .

Since P(%) > 0, lemma 1 yields the fact that 7 is of finite type r where P(Q) =
L. Moreover for f,g € LE(U, p)

JEos0) Eestw) = [ Swlsta)ar” o vtuut
= [fsids .

r

4. Pairwise Independent Joinings

The situation considered in this section is that of an ergodic joining ¢ of three
systems (X, u,T), (Y,v,T) and (Z, A, T) of which the first is simple, the second
ergodic and the third weakly mixing. We first have the following corollary of
theorem 2.

COROLLARY: IfY and Z are independent but X and Y are not, then X xY and

Z are independent.

Proof: By Theorem 2, (X xY,0,T x T) is a distal extension of (Y, v, T). On the
other hand since (Z, A, T) is w.m. the extension (Y x Z,¥ x \, T x T) — (Y, v, T)
is relatively weakly mixing. By [Fu] these two extensions are relatively disjoint
overY;i.e.a=0;<,(ux/\)=0x/\. ]

LEMMA 2: Let o be an ergodic joining of X,Y and Z for which X and Z as well
asY and Z are independent. If for some n # 0, o and 6, = (id x id x T")o are
not orthogonal relative toY x Z (i.e. oh oo # pu x p), then X XY and Z are
also independent.

Proof: By the corollary we may assume that also X and Y are independent.
Suppose that for n # 0, ¢ and o, are not orthogonal over (Y x Z,v x \,T x T),
then according to theorem 1 there exists ¢ € C(X) such that g, = (¢ xid x id)o
and it follows that Fo =g for F=¢ xid x T™".

Let f be a function on Y; for every function h on X x Z:

[ Bet@ hie u@)NE) = [ 1)@, o2,
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= [ 1wh(z, aPo(e,0,2) = [ Fhtez, T )do(e,3,2)

- / Eof(z, 2)h(pz, T™"2)dp(z)dNz) = / Bof(¢™ 2, T2)h(z, 2)du(z)dA(2)

and E,f is a ¢~! x T™ invariant function.

Since (Z, A\, T) is weakly mixing E, f depends only on z. This means that E,;
is the conditional expectation of f on X, which by independence of X and Y
is a constant. We thus have shown that X x Z and Y are independent and the
proof is complete. |

Notice that in this lemma the assumption that ¥ and Z are o-independent
was used tacitly when it was assumed that o, is a joining of X and ¥ x Z. Fo
this assumption means that the Y X Z projection of ¢ is td x T" invariant. This
is the case iff Y and Z are independent.

THEOREM 3: Let (X, u,T) be simple, (Y, T,v) ergodic and (Z, A\, T) weakly mix-
ing. If there exists an ergodic pairwise independent joining o of the three systems
which is not independent then (X, 1, T) admits a non-trivial factor whose maxi-

mal spectral type is absolutely continuous with respect to Lebesgue measure m
onT.

Proof: We consider o as a joining of X and Y x Z. Let (U, p,T) be the factor
of (X, 1, T) whose existence is proved in theorem 2 and let T be the projection
of s on U xY x Z. Since U is non-trivial and since X and Y x Z are relatively
independent over U, it follows that 7 is not independent. On the other hand 7
is clearly pairwise independent. We are going to show that the maximal spectral
type of (U, p,T) is absolutely continuous. For n € Z let 7, = (¢d x id X T™)r;
then lemma 2 implies that for n # 0, 7207 = px p. Let f € L(U, p), we need to
show that the correlation measure oy corresponding to f (i.e. the measure on T
whose Fourier coefficients are given by @(k) = [ f(T*u)f(u)dp(u) (k € Z)), is
absolutely continuous with respect to m.

Let F = E. f € L*(Y x Z,v x \) and let w be its correlation measure for the Z2
action on Y x Z;i.e. w is the positive measure on T2 whose Fourier coefficients
are given by

8(p9) = [ F(T?.T9) Fly, dv(Ae) (g €2)
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Let 7 = [ 7(,.,)dv(y)d)\(z) be the disintegration of T over ¥ x Z, then for
(p,q) € Z2 we have

F(T?y,T92) = E. f (T?y,T?2)
- / F(@)d(rerey sy ()
- / F@)drersrys(y o-rn)(2)
- / F@)A(T X TYPr(y 1o-r(z)
- / F(TP2)dr(y,re-r 5)(2) = Ex,_, (TP £) (¥, 2).

Let 8 be the image of w under the map (s,t) — s + ¢ of T? onto T. Then for
p € Z we have 5(p) = &(p,p) and by theorem 2

8(p) = 3(p,p) = / E, (T?f) (y, ) B F(y, 2)dv(y)dA(2)

_1 / £ (TPu) F(u)dp(u) = %af(l’)

r

and ay = ré. It therefore suffices to show that § < m.
Consider now &(p, g) for p # q. In this case, 7;_, 07 = p X p and we get

0(p0) = [ B, (7 (0,2)B: Flo, i(u)aA2)
- / £ (@) )y, o (u,v)
= [ 1@y dota)- [ Fo)doto) =0.

It follows that w is invariant under the maps (s,t) — (s + u,t — u) of TZ, for
every u € T, and therefore its two natural projections onto T are invariant under
all translations of T. This means that these projections are constant multiples
of m. Since w is absolutely continuous with respect to a product of two measures
on T (e.g. the product of the maximal spectral types of (Y,v,T) and (Z, A, T)),
we deduce that w is absolutely continuous with respect to the product of its two
natural projections (an exercise). Combining these results we get w € m x m,
and therefore, finally § < m. ]
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THEOREM 4: If (X,p,T) is simple weakly mixing and does not admit a non-

trivial factor with absolutely continuous spectral type, then (X, p,T) is simple
of all orders.

Proof: By induction using theorem 3. |

Remarks: 1. Theorem 2 of [H] states that every pairwise independent joining
of r > 3 weakly mixing systems with purely singular spectrum is independent.
Of course this implies that a weakly mixing, simple system with purely singular
spectral type is simple of all orders, a fact which follows from theorem 4 as well.

2. A system (X, p,T) is rigid if there exists a sequence n; / oo such that
lim (T™ AN A) = u(A) for every measurable subset A of X [F-W]. This clearly
implies that the maximal spectral type of (X, s, T) is singular. Thus every w.m.
rigid simple system (such as the one described in [J-R,2]) is simple of all orders.

(This can be deduced directly from lemma 2).

5. Simplicity of Higher Orders

THEOREM 5: A weakly mixing system which is simple of order 3 is simple of all

orders.

LEMMA 3: Let (X,p,T) be w.m. and simple of order 3, (X',y',T) a copy of
(X,u,T) and (Y,v,T) an ergodic system. Then a pairwise independent ergodic

joining of these three systems is necessarily independent.

Proof: Let o be a pairwise independent ergodic joining of X', X and Y such
that 0 # p' x u x v. Let n # 0 and let 0, = (¢d x T" x id) 0. We consider the

joiningw =& X op;w isameasureon X' x X x Y x X" where X" is another
XxY

copy of X. The projection of w on X' x X" is ¢}, 0 ¢ which by lemma 2 is equal
to p' x u". It follows that the projection of w onto X' x X x X" is pairwise
independent and therefore, by assumption, is independent. Thus for bounded

functions f,g,h on X, X' and X" respectively

[ 1@duta) [ oran'e") [ e
= [ f@)ate e ol 2,9,")

- / Eo9(z,y)Eoh (T"2,y) f(z)du(z)dv(y) -
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In particular for n # 0 and every bounded function % in LZ (X", ") and bounded
function u on X we get, by taking f(z) = u(T"z)u(z) and g = h

0= [ Bh(T"2,3) u(T") Bz, y)a(e)du(a)iv(y)
Summing from 1 to N

0= / % Y E,h(T"2,y)u(T"x) Eoh(z, y)a(z)du(z)du(y) ,

and by the ergodic theorem

2
0= / '/E,h(z,y)u(z)dp(z) dv(y) .
Thus [ E,h(z,y)u(z)du(z) =0 v-a.e. and for every bounded v on Y we have

[ etz uan(@due)inty) = [ b u(en)do(e',2,0) =0.

This means that ¢ is independent contradicting our assumption. ]

Proof of Theorem 5: Suppose (X, p,T) is simple of order k > 3; we shall show
it is simple of order k + 1. Let o be an ergodic joining of k¥ + 1 copies of X
denoted X3,...,Xx41. If for some ¢ # j the projection of ¢ on X; x X; is an
off-diagonal, then by an induction hypotheses, o is a product of off-diagonals
and we are done. Thus we may assume that o is pairwise independent. By the
induction hypothesis the projections of & on X x -+ x Xy and Xa x - -+ X Xj4q
are the independent joinings. Hence ¢ can be viewed as a pairwise independent
joining of Xj, X3 x -+ X X and Xi4,. Lemma 3 applies and we conclude that
o is independent. This completes the proof. |

Remarks: 1. Using the same method by which lemma 3 was proved, one can
show that when (X, u,T) is w.m. and simple of order 3 and (Y,»,T),(Z,\,T)
are w.m. systems then every pairwise independent ergodic joining of the three
systems is independent.

2. A simple argument of relative disjointness analogous to that of corollary 1,
can be used to generalize some of the preceding results to distal extensions of
simple systems. Let (X, p,T) be an ergodic distal extension of a simple system.
Then for this system the assertions of corollary 1, theorem 3 and lemma 2 are
valid.

If furthermore (X, 4, T') has the property that every ergodic pairwise indepen-
dent 3-fold self-joining is already independent, then every pairwise independent
k-fold self-joining of (X, u,T') is independent (k > 3).



142

[Fu]

[F-W]

[H)

[J_R’I]

[J'Ra2]

(K]

(R]

(vl

E. GLASNER ET AL. Isr. J. Math.

References

H. Furstenberg, Disjointness in ergodic theory, minimal sets and a problem in
diophantine approximation, Math. Systems Theory 1 (1967), 1-49.

H. Furstenberg and B. Weiss, The finite multipliers of infinite transformation,
Springer-Verlag Lecture Notes in Math. 888 (1978), 127-132.

B. Host, Mixing of all orders and pairwise independent joinings of systems with
singular spectrum, Israel J. Math. 76 (1991), 289-298.

A. del Junco and D. Rudolph, On ergodic actions whose self-joinings are graphs,
Ergodic Theory and Dynamic Systems 7 (1987), 531-557.

A. del Junco and D. Rudolph, A rank-one rigid simple prime map, Ergodic
Theory and Dynamic Systems 7 (1987), 229-247.

J. King, Ergodic properties where order 4 implies infinite order, Israel J. Math.,
to appear.

D. Rudolph, An example of a measure-preserving map with minimal selfjoinings
and applications, J. Analyse Math. 85 (1979), 97-122.

W. A. Veech, A criterion for a process to be prime, Monatshefte Math. 94
(1982), 335-341.



